Abstract. In this paper, we use Flaschka's change of variables of the open Toda lattice and its interpretation in term of the group structure of the LU factorisation as a coadjoint motion on a certain dual of Lie algebra to implement a structure preserving noise and dissipation. Both preserve the structure of coadjoint orbit, that is the space of symmetric tri-diagonal matrices and arise as a new type of multiplicative noise and nonlinear dissipation of the Toda lattice. We investigate some of the properties of these deformations and in particular the continuum limit as a stochastic Burger equation with a nonlinear viscosity. This work is meant to be exploratory, and open more questions that we can answer with simple mathematical tools and without numerical simulations.
Introduction
The Toda lattice has its roots in the origin of the theory of integrable systems with the discovery of recurrences in the FPU lattice by [1] , with numerical simulations performed by M. Tsingou, see [2] for more on this story. The surprise was that for large times, no statistical equilibrium emerged for this lattice despite theoretical predictions of statistical physics. It turns out that the FPU chain is an approximation of the Toda lattice, which is an integrable system and has no thermal equilibrium. In the FPU chain, if one waits for a long enough time such that the non-integrable effects appear, this expected equilibrium can be observed in precise numerical simulations, see for example [3, 4] . The Toda lattice was first formulated in [5] (see also [6] ) and later proved to be integrable by [7, 8] and [9] . These works triggered numerous studies on such lattices, with various connections to geometry.
In this work, we want to deform the classical Toda flow, written in a geometrical form, that is as a coadjoint motion on a certain coadjoint orbit, in two different ways. First, we will introduce some noise and then a dissipative, or viscous term. The form of these terms will not be inspired by any physical processes that can perturb the physical Toda lattice but will be derived from the only condition of preserving the geometry of the Toda flow in Flaschka's variables. These deformations seem to have never been studied before, and due to their nonlinear nature, are challenging to study in details. This work is thus only trying to open a new door for mathematical investigations on the Toda lattice and can be seen as a collection of open problems.
The deterministic Toda lattice
We begin with a short description of the open Toda lattice to set up our notation and then use Flascka's change of variables [7] to rewrite the equations of Toda lattice as a coadjoint motion on a particular matrix group.
The open Toda lattice
The simplest Toda lattice is a one-dimensional chain of n massive particles interacting between nearest neighbours. We will denote their positions by x i and velocities by y i . The interaction is exponential, and with constants set to unity, the Toda lattice is described by the Hamiltonian
The open Toda lattice, that is with open endpoints, is then a canonical Hamiltonian system with variables (x i , y i ) ∈ T * R n and Hamiltonian Equation (1) . The equations of motion are theṅ
where x 0 = −∞ and x n+1 = ∞ for an open, or non-periodic Toda lattice. Notice that with an approximation of the exponential interaction by a Taylor expansion up to a cubic order, the Toda lattice reduces to the FPU chain. We will not describe more these equations and directly introduce Flaschka's change of variable [7] , which are given by a i = 1 2 y i , i = 1, . . . , n b i = 1 2 e (x i+1 −x i )/2 , i = 1, . . . , n − 1 .
The equations of motion are theṅ
The first interest of this simple change of variable is to be able to prove the complete integrability of the Toda lattice using a Lax pair and its associated isospectral problem. The second is to unravel interesting geometrical features of the Toda flow.
We will show the latter in the next section and briefly discuss the Lax pair of the Toda lattice. One first constructs the symmetric tri-diagonal matrix L with the a i variables on the diagonal the b i variables on the first upper and lower diagonal. We then define the corresponding M matrix as
where L + is the upper triangular part of the L and L − its lower triangular part. Integrability is then a consequence of being able to rewrite the Toda Equation (4), and thus Equation (2) as the Lax equation [10] 
where the commutator is the standard matrix commutator. The proof of integrability then relies on using the isospectral problem associated with the operator L, with timedependence of the spectral data given by the operator M. We refer to [11] for more details on this theory and to Section 4 where we will introduce the stochastic deformation of this spectral problem. We now introduce more geometry to understand the Lax Equation (6) as a coadjoint motion on the dual of a certain Lie algebra.
Geometry of the Toda lattice
For the description of the eometry of the Toda lattice in the context of the AdlerKonstant-Symes theory [12, 13, 14] . We will mostly follow the exposition of [15, 16] , but we refer the reader to the book [17] for more details. We also want to refer to the recent work of [18] based on this geometric interpretation where the authors showed that this change of variables is the inverse of a particular momentum map. The geometry of the Toda lattice arises from the LQ decomposition of a matrix g ∈ GL(n), that is a matrix with non-vanishing determinant, taken only positive here.
The LQ decomposition is g = g Q g L , where g Q ∈ SO(n) and g L ∈ L(n). We denote by L(n) the group of lower triangular n by n matrices and by SO(n) the special orthogonal group of dimension n. Using this decomposition, we can define a group multiplication in the space of matrices with strictly positive determinant as h * g := g Q hg L . This group multiplication makes this space a Lie group, that will be denoted by G QL . In order to construct the Lie bracket of the associated Lie algebra g QL of this group, we will need the isomorphism
With this decomposition, we can define two particular projections. One on l, the Lie algebra of L(n) and the other on q, the Lie algebra of SO(n). They are given as
for any element ξ ∈ g QL and where the subscripts + stands for the strict upper triangular part of L, the subscript − the strict lower triangular part of L and the subscript 0 the diagonal part of L. Finally, the Lie bracket on g QL is given by
With these projections, we can also define the adjoint action of the group G QL on its Lie algebra or its dual, as
where ξ ∈ g QL and µ ∈ g * QL . For the coadjoint action, we used the projection onto the transposed of the Lie algebras l and q, which are defined using the trace pairing as
These two other projections are thus
A convenient way to write the Lie bracket, and its dual, is to use the classical R-matrix [19] associated to this decomposition of the Lie algebra g QL . It is defined as
and allows us to rewrite the Lie bracket of Equation (8) as the R-bracket
where we defined the notation ad R for the adjoint action of the Lie algebra g QL on itself
with respect to the R-matrix. We can also define the adjoint of the R-matrix from the trace pairing
or in term the trace of matrices
so that we explicitly have
because l ⊥ is adjoint of q and q ⊥ is adjoint of l under the trace pairing. Using the R-bracket and its dual, we can write the coadjoint action as the dual of the adjoint action in Equation (14) in the trace pairing as
for ξ ∈ g QL and µ ∈ g * QL . From this coadjoint action, there is R-Lie-Poisson bracket, a Poisson bracket linear in the momentum that we now write L ∈ g QL , of the form
From this Lie-Poisson bracket, one can directly see that all the traces of powers of the momenta L, that is the functions
are commuting integrals of motion. Notice that for a Toda lattice of n particles, only n integrals of motion are independent, and therefore useful for the proof of integrability. They correspond to the integral of motion derived by [9] , after applying the inverse of Flaschka's change of variables. For i = 1, the integral is the total momentum, and for i = 2, it is the energy or the Hamiltonian for the Toda flow. Indeed, the Lie-Poisson equation or coadjoint motion for any Hamiltonian H i is given bẏ
For the Hamiltonian
Tr(L 2 ), we have
= L, which is a symmetric matrix, so the second term of the Lie-Poisson bracket vanishes and the Toda flow becomeṡ
This last equality corresponds to the Lax Equation (6), where M = π q L only because the second term of Equation (21) vanishes.
The stochastic Toda lattice
In this section, we will introduce a stochastic deformation of the Toda lattice equation which preserves the geometrical structure described in the previous section, that is the fact that the Toda flow is a certain coadjoint motion. We will first review how to do such deformation in general, and then apply it to the Toda flow. We refer to [20, 21, 22] for more details and other application of this structure preserving stochastic deformation of dynamical systems.
Stochastic coadjoint motion
In the previous section, we rewrote the Toda lattice equations as a coadjoint motion on the dual of the Lie algebra g QL . Such dynamical systems can be obtained via a reduction by the symmetry of a motion on the Lie group G QL , when the Lagrangian, or Hamiltonian is invariant with respect to the group action, or multiplication in this case. In order to arrive at the Toda equation, the group multiplication induced by the QL decomposition must be used. One can use other matrix decomposition to obtain other similar coadjoint motions on a different Lie group, see for example [15, 16] . Here, we want to write a stochastic differential equation which is compatible with the reduction by symmetry in the sense that the stochastic process is a coadjoint motion and thus preserves the coadjoint orbit, the orbit in the group in the dual of its Lie algebra under the coadjoint motion. There are several ways of introducing such a structure preserving noise in any coadjoint motion, but the most fundamental one is to do it in the reconstruction relation, which related the solution on the dual of the Lie algebra to the solution on the Lie group, that is the relationġ = gξ, where the multiplication on the right-hand side stands for the tangent lift of the group action to the tangent space. From this equation, the theory of reduction by symmetry states that the dynamical equation for the momentum variable conjugate to ξ is the Euler-Poincarè, or Lie-Poisson equation, see [23, 24] for more details on this theory.
In this work, the noise will be a set of k filtered Wiener processes W l t with filtrations F l t . See [25] for the definitions of Wiener processes, or Brownian motions with filtrations. Associated with these processes, we fix k Lie algebra elements σ l and perturb the reconstruction relation as follow
where • stands for Stratonovich integration, which makes the normal rule of calculus also valid in this stochastic context. From this reconstruction relation, one should use Hamilton-Pontryagin principle to derive the stochastic Euler-Poincaré equation as a stochastic coadjoint motion associated with this stochastic reconstruction relation, see [21, 22] or [26] . We will not show this derivation here but only state the result, which is that for any Lie group and reduced Hamiltonian h :
where Φ l (µ) = σ l , µ are the stochastic potentials. From the form of this equation, it is now clear that the coadjoint orbits are preserved by this stochastic flow, but not the Hamiltonian h, unless h and Φ l are commuting integrals of the deterministic system.
Stochastic Toda lattice
We will not reproduce the previous theory for the Toda lattice but only uses its main result, the stochastic Euler-Poincaré Equation (24) . The drift is the Toda flow defined previously for the L matrix and Hamiltonian H 2 , and the stochastic potentials are taken here to be Φ l = Tr L T σ l , where the set of σ l span the symmetric tri-diagonal matrices with zeros on the diagonal, so k = n, the number of particles. Other choices could be made, with for example less σ l fields and noise only on specific sets of particles, but this choice is the simplest and can be made uniform by setting σ l = σ for all l. Also, any non-vanishing terms on the diagonal will not appear in the equation of motion, because of the structure of the coadjoint motion.
From the stochastic Euler-Poincaré Equation (24), we have the stochastic Toda lattice equation
and using the definition of the coadjoint actions in term of the R-matrix the equation becomes
By construction, this stochastic flow preserves the coadjoint orbit, namely the tridiagonal symmetric matrices where L is defined. This means than the elements of L that are always 0 in the deterministic Toda flow remain 0 in this stochastic flow, independently on the realisation of the noise or the choice of σ l . This fact can be directly verified by computing the stochastic equation in term of the variables a i and b i , to getḃ
which does not contain any other non-vanishing terms on the right hand side that the diagonal in Equation (28) and the first diagonal in Equation (27) . Notice that only the a equation has noise terms, thus the Itô correction term vanishes and the Itô or Stratonovitch interpretation of the stochastic integral have the same form, and we will write everything with Itô integrals, that is without the symbol •. We also used the indices i for the noise as well as the particles because we chose σ l = σ i such that it non-vanishing only in the i entry. Using Flaschka's change of variable Equation (3), the stochastic Toda lattice equations can be written in term of the physical variables (x i , y i )
which is in fact a type of Langevin equation with multiplicative noise as the momentum variables y i can be absorbed to geẗ
where we formally denote the Brownian motion byẆ i t . In these variables, the Langevin Equation (32) can be formulated in the stochastic variational principle [27] 
for free variations of x i andẋ i . The stochastic Equation (30) are also Hamiltonian with Hamiltonian
the stochastic potentials
Because these potential do not depend on the velocity, the stochastic terms are only on the momentum equation, that is, the stochastic Hamilton's equations are
Interestingly, it is not possible to add any noise in the equation for the position with this derivation, whereas a similar derivation, but for a completely different system of interacting particles can introduce a noise in the position equation. This is the case for the stochastic deformation of landmarks dynamic, as singular solutions of a partial differential equation, see for example [28] . The form of the noise is thus tied to the structure of the coadjoint motion of the equations when the stochastic potential is linear in the momentum (which is not y i in this geometrical setting, but the tri-diagonal matrix L).
Conservation laws
From the equations of motion Equation (30), it is simple to see that H 1 = i y i remains an exact conserved quantity even in presence of noise but that the other deterministically conserved quantities H i for i > 1 are not conserved by the stochastic flow. This is to be expected as the noise preserves the coadjoint orbit, and the quantities H i are not Casimirs on this orbit, but only dynamically conserved quantities. To get more insights into this, we compute their time evolution to obtain 1
For the Toda Hamiltonian, that is for k = 1, its expected derivative satisfies
where D L can also be seen as the infinitesimal generator of the stochastic process L. Its exact definition is, for any function f of the stochastic process,
where F t is the filtration of the stochastic process, see [25, 29, 30] for more details on this derivative. If the noise is uniform, that is σ i = σ for all i, we can go further to find that
where V denotes the deterministic potential energy, that is the exponential part of the Hamiltonian in Equation (34) . This formula can be computed explicitly, from the Itô correction term
where the result is obtained after discarding the negative and stochastic terms in the last equality. We can then integrate Equation (39) in time to obtain a time-dependent upper bound for the mean energy
This computation can be done using the probability density of the process, see for example [30] . This bound shows that the effect of the noise in this system is to introduce some energy into the system which can become unbounded as time tends to infinity. This property suggests that we would need a dissipative mechanism that would balance this energy input. This will be done in the next section 5, but before we want to address the question of complete integrability of this stochastic Toda lattice.
The isospectral stochastic Toda lattice
The Toda lattice is the first example of an integrable chain of interacting particles which admits solitons solutions and can be integrated via the theory of inverse scattering transform, after Flaschka's change of variables. In the present context of structure preserving stochastic deformation of an integrable system, the question of integrability of the resulting equation is interesting to ask. For lower dimensional integrable systems such as the free rigid body or the Lagrange top, we found in [21] that this type of stochastic perturbations only preserves integrability if the noise fields σ l have a particular form, compatible with the original deterministic system. In fact, one must have that the stochastic potentials Φ l (µ) = σ l , µ must be commuting integrals of the deterministic flow. For the rigid body, that is the case if the moment of inertia has a cylindrical symmetry, and if σ l is aligned with this axis of symmetry. A similar condition holds for the Lagrange top, which has a cylindrical symmetry by construction.
Interestingly, such a simple integrable reduction does not exist for the stochastic Toda lattice, except if one uses a single Wiener process, with σ i the identity on the first diagonals. Such a noise would correspond to a stochastic total momentum, as in the simplest case of the stochastic integrable AKNS hierarchy studied in [31] . Nevertheless, it is possible to find an isospectral stochastic deformation of the Toda lattice, but losing Flaschka's change of variable, thus a physical interpretation. This is achieved by simply removing the term of the noise proportional to R * in the stochastic Toda lattice Equation (26) , to obtain
This equation is isospectral in the following sense. If one introduced the spectral problem for the time-dependent vector ψ,
where the first line is the spectral problem and the second line corresponds to the time evolution of the eigenfunction ψ, and verifies that the spectrum is time-independent only if L satisfies the stochastic Toda lattice Equation (41). This is indeed the case, as one can see by first computing
where we used Lψ = λψ for the last equality. The isospectrality comes from the fact that these two computations are equal, so we collect terms and rearrange them to obtain the stochastic Toda equation Equation (41). One can directly check that the original conserved quantities H i remain conserved for all i by this stochastic flow, but the coadjoint orbit is not preserved, as the matrix L is a full matrix for any tri-diagonal initial conditions. The connection with the physical Toda lattice via Flaschka's change of variables is thus lost.
Although this equation has a stochastic isospectral problem which should be solvable, the question of integrability from Liouville's theorem [32] remain as the fact that L is a full matrix introduces more degrees of freedom, thus more commuting integral of motions are needed for Liouville's integrability. We will not try to solve this problem here but only mention that in [15] , a generalised Toda flow on the coadjoint orbit of full symmetric matrices was proven to be completely integrable, and the formulae for the extra conserved quantities were derived so that this work could be used to further investigate the integrability of Equation (41).
The stochastic Toda lattice with dissipation
Recall that after introducing noise in the Toda lattice in section Section 3, we observed that the total energy of the lattice was not bounded in the infinite time limit. We thus want to introduce a nonlinear dissipation term in the Toda lattice to bound the energy, while remaining compatible with the geometrical structure used to add noise, that is to preserve the tri-diagonal structure of the L matrix. Such nonlinear dissipation can be constructed using a double bracket structure from the coadjoint motion of the equation.
The double bracket dissipation
The double bracket dissipation was first introduced by [33] in the context of diagonalizations of matrices in linear programming and shortly after by [34] for a description of the Toda lattice different from the one used in this work. Indeed, they used the fact that the flow of the open Toda lattice has the property to diagonalise the L matrix for large time. This state corresponds to all the particles at infinity with constant speed (the eigenvalues of L) and no interactions.
The concept of a double bracket dissipation was then further extended to mechanical systems in [35] and more recently by [36, 37] where both energy and Casimir dissipations were studied and applied to fluid mechanical systems of Lie-Poisson form, that is which dynamics restricted to a coadjoint orbit, although infinite dimensional. We will first review this dissipative term and show how a slight modification of it can be implemented in the Toda lattice in the next section.
For a dynamical system on a coadjoint orbit with Casimir C (invariant function on the coadjoint orbit), the general dissipative term of double bracket form was introduced by [36, 37] to give the dissipative Euler-Poincaré equation
where the isomorphism ♭ : g → g * is associated to a given pairing, that can in general be different from the natural pairing of the Lie algebra g where µ ∈ g * . The parameter θ controls the amount of dissipation and is an inverse time scale, the time scale for the system to relax to one of its minimum energy positions. Notice that for infinite dimensional systems, variational derivatives must be used instead of partial derivatives. The energy, or Hamiltonian h(µ) of this system decays as
where the norm is associated to the pairing used in the definition of the flat operation. This equation shows that the system is forced towards a position where the right-hand side vanishes, which is a condition compatible with an equilibrium solution of the original deterministic system. We refer to [37] for an extensive discussion on this condition.
The dissipative Toda lattice
For the Toda lattice in Flaschka's variables, we will need a different term as Casimir functions are not directly available for this system. We will instead use the term parametrized by θ ∈ Ṙ
and show that it preserves the coadjoint orbit and is a dissipative term. Notice that we do not need to convert the second ad * operator in the double bracket from the dual of the Lie algebra to the Lie algebra as it is a symmetric matrix and the isomorphism ♭ : g * → g is the transpose operation. First, the Lie-Poisson formulation of Equation (46) iṡ
where the pairing is the trace pairing, and the first bracket is the R-Lie-Poisson bracket of Equation (19) . Indeed, we just compute
and use
= L to get Equation (47). This form of the double bracket is different from the one described in the previous section as the adjoint action is used instead of the coadjoint action.
In term of the variables a i , b i , the dissipative Toda lattice becomeṡ
where as for the noise terms, no equation for the other diagonals of L exist. Indeed, if the coadjoint orbit where not conserved by this flow, we would need to include extra variables for the outer-diagonals of L which would have equations coupled with these two. Written in this form, the new terms have a clear meaning of dissipation as they both behave as discrete nonlinear second order operators as we will see in more detail in Section 5.3.
From the equation of motion in the Lie-Poisson form in Equation (47), we can compute the time evolution of any integral of motion to get This formula is a direct consequence of d dt
which does not necessarily mean that the right hand side is strictly negative (for θ > 0), unless we pick the Hamiltonian of the Toda flow. Indeed, the equation becomes
and right-hand side is strictly negative, which shows that the energy decays in time. In physical coordinates, this formula reads for all i. The value of y can be found from the conservation of total momentum, even in this dissipative case, but finding the value x from the initial conditions for periodic conditions is difficult and not interesting for this work. In the open Toda lattice, the first and last particles are at −∞ and ∞ and the equilibrium solution is x = ±∞.
Finally, by combining the noise and the dissipation, the Toda lattice in physical coordinates has the following equation of motioṅ
The Fokker-Planck equation of this equation can be computed, but the stationary distribution seems not to be a Gibbs distribution (that is the exponential of the negative of the energy), as the noise is only a degenerate stochastic Hamiltonian system, that is it does not appear in the position equation, which would have been needed to obtain a Gibbs distribution, see [21] .
Continuum limit
One of the interesting features of the Toda lattice is that in the limit of an infinite number of particles, or the continuum limit, the lattice converges to Burger equation or the KdV equation if higher order terms are included in the approximation. The precise limit can be subtle for the Toda lattice as shocks can form and the Burger's model will no longer be valid after a shock. This was extensively studied by [38] , where various after-shocks scenarios were considered. Here, we will derive the continuum limit of the dissipative stochastic Toda lattice, and, as the dissipation will prevent the formation of shocks we will not consider such scenarios. We will follow [38] for the derivation of the continuum limit by defining the continuous functions interpolating through the discrete system to be a(ǫk, t) = a k (t) and
where ǫ corresponds to the distance between two particles at rest. We then rescale the time as t → t/ǫ and the diffusion coefficient as θ → θ/ǫ to obtain from the dissipative Toda Equation (49), the continuous equationṡ
In the non-dissipative case, setting a = 2b recovers the inviscid Burger's equation, but in this dissipative case, no such reduction seem to exist. It is interesting to notice that a double bracket dissipation constructed with the R-matrix has a simple and well-defined continuous limit to a rather unusual nonlinear dissipation. Indeed, the momentum adx is conserved, but the energy is affected by the dissipation as
The simplest condition for the right hand side to vanish is if 2b xx = a 2 x , which does not seem to have any physical meaning. Further investigation of the properties of this nonlinear dissipation could be interesting and especially the form of the travelling wave solutions, which are analytically difficult to compute.
To compute the continuum limit of the stochastic Toda lattice, we first assume an isotropic noise and rescale it as σ i = e i σ/ √ ǫ for all i, where e i has only 1 in the i's component of the first diagonal. We then obtain the following continuum approximation of the complete stochastic dissipative Toda latticė
where the noise is white in space and time, or delta correlated in space and time,
Notice that again, the stochastic term is in Itô form, but is equivalent to a Stratonovich integration. We will not rigorously prove that this stochastic PDE is the continuum limit of the stochastic Toda lattice as this will be beyond the scope of this investigation, but we only want to verify that this stochastic PDE has a similar noise as the discrete system by comparing the autocovariance function of the stochastic processes. We can formally show that the autocovariance of the discrete system Equation (54) converges to the auto-covariance of the continuous model Equation (60) by first computing Cov(a k , a k ′ ) = 4σ
In the limit ǫ → 0, we then arrive at
where the last step is computed from the process Equation (60). This calculation suggests that the stochastic dissipative Toda lattice converges to the continuous process Equation (60) almost surely in the limit ǫ → 0. In general, the other choices of σ i could give any spatial correlation of the noise. On can for example only have a single Wiener process, and σ i non-zero for several particles, such that in the limit we can have a noise of the form σ(x)dW t , where σ(x) is the limiting function.
Conclusion
In this paper, we implemented a stochastic deformation and the double bracket dissipation in the integrable Toda lattice while preserving the coadjoint orbit structure of the original system. This makes these deformations non-standard, and possibly new, with still a connection to physical variables, even if the original motivation has little to do with physical phenomena. Indeed, stochastic perturbation are often additive, and dissipation linear to model interaction with a heat bath for example, but here, both are nonlinear. This analogy with the Langevin equation suggests that more can be done in the direction of statistical physics, and in particular deriving the stationary distribution, or understanding the interaction of noise and dissipation together with the original nonlinearities of the Toda lattice. Such investigations would rely on detailed numerical simulations that we did not undertake in this work. Other investigations with numerical simulations as well as analytical consideration may include the study of the 3-particle Toda lattice, where one would expect, due to its low dimensionality, to directly investigate the existence of random attractor, in the context of random dynamical systems, [21, 39] .
Another intriguing finding is the existence of a well-defined continuum limit of the dissipation and of the noise terms, even if they were derived from a setting far from any notion of continuous limit. They both have a rather unusual form and may deserve more investigations which are out of the scope of this work. In particular for the dissipative Toda lattice on the existence and form of travelling waves (which in the limit θ → 0 tends to a shock), as compared with the viscid Burger equation for example. Also, it would be interesting to see if any generalisation of the Cole-Hopf transformation exists for this equation, which would allow it to be mapped to a possible two-dimensional heat equation. For the stochastic PDE with dissipation, many problems are open in the realm of stochastic analysis which we leave for future works, but it is interesting to remark that any spatial correlation of the noise can be used and remain compatible with the finite dimensional system.
Finally, another interesting line of future research is the question of complete integrability of the stochastic Toda lattice, without dissipation. The stochastic term is different from being of the form of a higher order Toda flow multiplying a Wiener process (unless a single process is used with constant amplitude for all particles). Instead, the stochastic term has a different Wiener process for each particle, which makes the system non-integrable. In fact, we cannot recast the geometric stochastic deformation of this system into a stochastic isospectral problem unless one of the stochastic terms is discarded. In this case, the coadjoint orbit is not preserved, and a tri-diagonal initial condition will quickly fill the entire symmetric matrix, but we can write a stochastic isospectral problem for this system. A question then remains, which is if we can explicitly solve this stochastic spectral problem on the space of full symmetric matrices.
